We examine topological properties of the seven-dimensional positively curved Eschenburg biquotients and find many examples which are homeomorphic but not diffeomorphic. A special subfamily of these manifolds also carries a 3-Sasakian metric. Among these we construct a pair of 3-Sasakian spaces which are diffeomorphic to each other, thus giving rise to the first example of a manifold which carries two non-isometric 3-Sasakian metrics.
In addition to positively curved metrics, some Eschenburg spaces also carry another special geometric structure, namely a 3-Sasakian metric, i.e., a metric whose Euclidean cone is Hyperkähler [5] . 3-Sasakian spaces are interesting since they are Einstein manifolds and are connected to several other geometries: they admit an almost free, isometric action by SU(2) whose quotient is a quaternionic Kähler orbifold. The twistor space of this orbifold, which can be viewed as an S 1 -quotient of the 3-Sasakian manifold, carries a natural Kähler-Einstein orbifold metric with positive scalar curvature.
3-Sasakian structures are rare and rigid, in fact the moduli space of such metrics on a fixed manifold consists of at most isolated points. This motivated Boyer and Galicki [5] [Question 9.9, p. 52] to pose the question whether a manifold can admit more than one 3-Sasakian structure. Natural candidates for such examples are the 3-Sasakian metrics discovered in [4] . They are defined on the Eschenburg biquotients E a,b,c = diag(z a , z b , z c )\ SU(3)/ diag(z a+b+c , 1, 1), where a, b, c are positive, pairwise relatively prime integers. The simplest topological invariant of these spaces is the order of the fourth cohomology group, which is a finite cyclic group of order r = ab + ac + bc. By studying further topological invariants of these manifolds we show:
Theorem A For r ≤ 10 7 , there is a unique pair of 3-Sasakian Eschenburg spaces E a,b,c which are diffeomorphic to each other, but not isometric. It is given by (a, b, c) = (2279, 1603, 384) and (2528, 939, 799) with r = 5,143,925.
The two 3-Sasakian metrics are non-isometric since the isometric action by SU (2) has cyclic isotropy groups of order a +b, a +c and b+c. In [5] they also asked whether two 3-Sasakian manifolds can be homeomorphic to each other but not diffeomorphic. This happens frequently among the 3-Sasakian Eschenburg spaces. There are 139 such pairs for r ≤ 10 7 , the first one of which is given by (a, b, c) = (171, 164, 1) and (223, 60, 53) for r = 28,379. See Table 5 for the next 4 such pairs.
The manifolds E a,b,c also carry a metric of positive sectional curvature, although the 3-Sasakian metric never has positive curvature. They are special cases of the more general family of Eschenburg spaces given by E k,l = diag(z k 1 , z k 2 , z k 3 )\ SU(3)/ diag(z l 1 , z l 2 , z l 3 ). In this article we also examine the topology of the positively curved spaces among this more general class of Eschenburg spaces. They contain in particular the homogeneous Aloff-Wallach spaces SU(3)/ diag(z p , z q ,z p+q ), [1], which Kreck-Stolz [12] classified up to homeomorphism and diffeomorphism. They were thus able to construct the first examples of positively curved Riemannian manifolds which are homeomorphic but not diffeomorphic. For this purpose they introduced three invariants for seven-dimensional manifolds with the same cohomology ring as W p,q or E k,l , which are generalizations of the classical Eells-Kuiper invariant. They are computed using a bounding eight-dimensional manifold and detect both the homeomorphism and diffeomorphism type. In case of the Aloff-Wallach spaces, which can be viewed as circle bundles over the homogeneous flag manifold, the bounding manifold is simply the corresponding disc bundle. Another special case, namely the circle bundles over the inhomogeneous six-dimensional flag manifold, were studied in [2, 3] although in this case there are not even any homeomorphic pairs, see [16] . The invariants for the general Eschenburg family, for which it is more difficult to find a bounding eight-manifold, were computed by Kruggel [15] . We use his formulas to study the topology of E k,l .
The fourth cohomology group of E k,l is a finite cyclic group of order r = |k 1 k 2 + k 1 k 3 + k 2 k 3 − (l 1 l 2 + l 1 l 3 + l 2 l 3 )|, and we show that for a given value of r there are only finitely many positively curved Eschenburg spaces.
Theorem B For r ≤ 8,000, there is a unique pair of positively curved Eschenburg spaces E k,l which are homeomorphic to each other, but not diffeomorphic, given by (k 1 , k 2 , k 3 | l 1 , l 2 , l 3 ) = (79, 49, −50 | 0, 46, 32) and (75, 54, −51 | 0, 46, 32) with r = 4,001.
There are 69 pairs of this type for r ≤ 50, 000, the first 5 are listed in Table 2 . Among these 69 there are also 4 pairs which are diffeomorphic to each other, see Table 3 . For one of these pairs, one positively curved metric is cohomogeneity four, whereas the other is cohomogeneity two. In the case of the Aloff-Wallach examples in [12] the integer parameters must be significantly larger. They find 11 homeomorphic pairs and 3 diffeomorphic pairs for r < 10 17 .
We point out that in contrast to the above results, it happens much more frequently that Eschenburg spaces which are not positively curved are homeomorphic or diffeomorphic to each other. For example, the cohomogeneity two Eschenburg spaces (k 1 , k 2 , k 3 | l 1 , l 2 , l 3 ) = (−71, 97, 265 | 0, 0, 291) and (−215, 397, 469 | 0, 0, 651) are diffeomorphic to the positively curved Aloff-Wallach space (1, 1, −2 | 0, 0, 0).
To prove these theorems we use the Kreck-Stolz invariants, as described in [15] . In contrast to the case of the circle bundles in [12] and [2] , where the formulas for the invariants are fourth degree polynomials, the formulas in [15] are quite complicated and involve several number theoretic sums, with values in Q/Z. In order to compute these invariants on a computer, one needs to control the denominators, see Theorem 3.1.
Our general strategy is to first find pairs of Eschenburg respectively 3-Sasakian manifolds where the following basic invariants match: the integer r , the linking form, and the first Pontrjagin class. The latter two invariants can be interpreted as integers modulo r and have simple algebraic expressions. Secondly, for this surprisingly small list of pairs, we compute the Kreck-Stolz invariants. We point out that Kruggel [15] proved his formulas only under the assumption that his condition (C) holds. However, we show that this condition is not always satisfied, even for positively curved Eschenburg spaces; and thus there is in fact no general formula for the Kreck-Stolz invariants for all Eschenburg spaces. Fortunately, those pairs of spaces with matching basic invariants, which we find, all satisfy condition (C).
It is a pleasure to thank D. Zagier and P. Gilkey for helpful discussions and B. Bunker for assistance with the C-code. We also thank L.Florit for pointing out a flaw in the C-program implementing our algorithm to find pairs of 3-Sasakian manifolds with matching linking form and Pontrjagin class (which however had no effect on the theorems in the introduction and the tables in Sect. 4). He further ran the corrected and improved version of the code for the 3-Sasakian manifolds with r between 10 million and 15 million. There are 2,650, 948, 500 such manifolds, and 125 pairs with matching linking form and Pontrjagin class. Of those, we find 83 homeomorphic pairs and one new pair that is diffeomorphic. This new pair, identifying a second manifold that carries two non-isometric 3-Sasakian metrics, is given by (a, b, c) = (4219, 2657, 217) and (a, b, c) = (4637, 1669, 787) with r = 12,701, 975.
Eschenburg spaces
The action is free if and only if h 1 is never conjugate to h 2 , in which case the quotient is a manifold denoted by G//H . We will also use the notation φ
The Eschenburg spaces are an infinite family of seven dimensional manifolds containing a subfamily that admits a metric a positive sectional curvature. They were introduced by Eschenburg [7] , and they can be described as biquotients of SU(3).
Let
We can then define a two-sided action of S 1 = {z ∈ C | |z| = 1} on SU(3) whose quotient we denote by E k,l :
The action is free if and only if diag
which translates into the following conditions, which must all be satisfied:
In [7] it is also shown that the spaces E k,l , equipped with a metric induced by a certain left invariant metric on SU (3), have positive sectional curvature if and only if:
Remark 1. 3 One of the difficulties of dealing with these spaces, is that they do not have a unique representation. One can easily change the integers such that the S 1 -actions are equivalent to each other, and hence the quotient manifolds are diffeomorphic:
-We can use any permutation of the entries in k since an element of the Weyl group of SU(3) acting on the left will produce an equivalence of the corresponding actions. Similarly, we can use any permutation of the entries of l. -We can switch all entries in k with the entries in l, if we replace the left-invariant metric with a right invariant one, since the inversion on SU(3) induces an isometry. -Simultaneously changing the signs of all entries in k and l is obtained by precomposing the action with z →z. Note though that in this case, the operation changes the orientation of E k,l .
-Adding an integer to all entries in k and l, i.e. replacing k i and l i by k i + n and l i + n for n ∈ Z, induces the same action of S 1 .
In the case of positively curved Eschenburg spaces, we use such changes of the group action to obtain a unique representation: Lemma 1.4 Each positively curved Eschenburg space E k,l has the following unique representation
Proof Recall that the k i and l i have to satisfy the positive curvature condition (1.2). If necessary change the signs of all k i and l i to ensure that both k 1 and k 2 are on the right of the interval [min(l 1 , l 2 , l 3 ), max(l 1 , l 2 , l 3 )]. We can assume that k 1 ≥ k 2 by changing the order of k 1 and k 2 if necessary. Now subtract min(l 1 , l 2 , l 3 ) and after possibly changing the order of l 1 and l 2 we can assume that
Using the Serre spectral sequence as in [9] , or by following the methods developed in [17] , one obtains the cohomology ring with integer coefficients:
is the ith elementary symmetric function. Moreover, by studying the cell structure of the Eschenburg spaces as in [14, Remark 1.3], one proves that r is always an odd number.
In order to generate a complete list of all positively curved Eschenburg spaces the following proposition will be important: Proposition 1.7 For each odd r ∈ Z there are only finitely many positively curved Eschenburg spaces E k,l with H 4 (E k,l ) = Z |r | .
Proof Assume that E k,l is represented as in Lemma (1.4). Then we obtain that
Hence there are only finitely many choices for k i , l i as claimed.
There are various interesting subfamilies of the Eschenburg spaces that have appeared in different contexts, see for example [2] [3] [4] 6, 12, 16] . We use [20] for a systematic description of these subfamilies.
(1) Cohomogeneity one Eschenburg spaces A group action of G on a manifold M is said to be of cohomogeneity one if the orbit space M/G is one-dimensional. For E k,l with k 1 = k 2 and l 1 = l 2 the group G = SU(2) × SU(2) acting on SU(3) on the left and on the right, clearly commutes with the S 1 -action and induces a cohomogeneity one action on E k,l . Using a change in the group action as in (1.3), we can rewrite these cohomogeneity one Eschenburg spaces as follows.
The action is free for all a ∈ Z. Since E a = E −a−1 , again via changes as in (1.3), we can assume a ≥ 0. It follows that E a has positive curvature for all a = 0. Note that in this case r = 2 a + 1 and we obtain exactly one positively curved cohomogeneity one space for each odd r .
(2) Cohomogeneity two Eschenburg spaces If two of the integers in k or in l are equal, we obtain an action of G = SU(2) × T 2 on SU(3) commuting with the S 1 action such that the orbit space E k,l /G is two dimensional. There are two families of Eschenburg spaces of this type.
(2 + ) k 1 = k 2 . We can rewrite these particular cohomogeneity two Eschenburg spaces as follows.
The action is free if a, b, c are pairwise relatively prime integers and E a,b,c has positive curvature if and only if a ≥ b ≥ c > 0. We can assume a > b > c > 0 since it is otherwise an Eschenburg space of cohomogeneity one. This subfamily also includes the circle bundles over the inhomogeneous flag manifold given by a = b + c, see [10] , and their topological properties were studied in [2, 3, 16] . As mentioned in the introduction, they also admit a second metric which is 3-Sasakian and we will study this subfamily to prove Theorem A. (3) Cohomogeneity four Eschenburg spaces.
In the general case G = T 3 acts isometrically on E k,l and M/G is four dimensional. In our normalization we can assume k 1 > k 2 > l 1 > l 2 ≥ 0 .
In [11] it is shown that the above group actions cannot be extended to an isometric action with smaller cohomogeneity since the groups agree with the identity component of the isometry group.
Topological invariants
The topological invariants we use are the order of the fourth cohomology group r := |r (k, l)| = |σ 2 (k) − σ 2 (l)|, the self-linking number, the first Pontrjagin class, and the Kreck-Stolz invariants. All of these invariants were computed for most of the Eschenburg spaces in [15] . The results can be summarized as follows.
(1) The self-linking number of a class u 2 ∈ H 4 (E k,l ) is given by
Notice that Lk(k, l) is uniquely determined by s(k, l) up to sign (which will effect the orientation). In our normalization we always have r (k, l) < 0 and hence in our tables we will use s(k, l) mod |r (k, l)|.
(2) The first Pontrjagin class, as an element in H 4 (E k,l ) ∼ = Z |r (k,l)| , is given by
Note that the roles of k and l are interchangeable since σ 1 (k) = σ 1 (l) and σ 2 (k) ≡ σ 2 (l) mod |r (k, l)|. The second Stiefel-Whitney class vanishes for all E k,l .
(3) The Kreck-Stolz invariants are based on the Eells-Kuiper µ-invariant and are defined as linear combinations of relative characteristic numbers of appropriate bounding manifolds. They were introduced in [12] and calculated for most of the Eschenburg spaces in [15] . One first constructs a cobordism of SU(3) and extends the S 1 -action to this cobordism. However, in general this extended circle action is not free anymore and in order to make the action almost free, Kruggel introduced the following condition (C).
We say that condition (C) holds if and only if the matrix A i, j = (k i − l j ) contains at least one row or one column whose entries are pairwise relatively prime. In [15] it was indicated that condition (C) might always be satisfied. Unfortunately, this is not the case. There are many Eschenburg spaces, even positively curved ones, which do not satisfy condition (C). For example for r < 5, 000 there are 54 positively curved Eschenburg spaces for which condition (C) fails. The positively curved Eschenburg space with smallest |r (k, l)| where this occurs is given by (k 1 , k 2 , k 3 | l 1 , l 2 , l 3 ) = (35, 21, −34, | 12, 10, 0), with:
Determining the homeomorphism type and diffeomorphism type of Eschenburg spaces that do not satisfy condition (C) remains an open problem. Notice though that in the subclass of cohomogeneity two Eschenburg spaces, and in particular for 3-Sasakian manifolds, condition (C) always holds since in that case the first column (a, b, c) consists of pairwise relatively prime integers. Fortunately, in the proof of Theorems B this problem does not arise either, as explained in Sect. 4 Assuming that condition (C) holds for the jth column, there are at most three exceptional orbits for the S 1 action on the cobordism of SU(3) with isotropy groups Z |k 1 −l j | , Z |k 2 −l j | and Z |k 3 −l j | . After removing small equivariant neighborhoods of these orbits the action becomes free and the quotient is a smooth eight dimensional manifold W k,l with boundary ∂(W k,l ) = E k,l ∪ L 1 ∪ L 2 ∪ L 3 where the L i are the following seven dimensional lens spaces.
where we used the notation [n] p := m if n = λ · p + m for m = 1, . . . , p, for the residue class [n] modulo p.
Since the invariants are additive with respect to unions, we obtain
Calculating s i (W k,l ), yields the following expressions for the Kreck-Stolz invariants, which hold in the case condition (C) is satisfied for the jth column.
The freeness condition of the action (1.1) implies that k i − l j = 0 for i, j = 1, 2, 3, and hence the above expressions for s 1 and s 2 are well-defined.
By the Atiyah-Patodi-Singer index theorem the Kreck-Stolz invariants can also be expressed as linear combinations of eta-invariants. Calculating these eta-invariants for the lens spaces, see [15] for details, one obtains:
For p = ±1 these expressions are interpreted to be 0. These formulas only hold in the case that condition (C) is satisfied for the jth column. We also list the case where the jth row consists of relatively prime entries, since this will be needed in our calculations.
Using these invariants we now state the classification theorems by Kruggel for the Eschenburg spaces. 
For the corresponding theorem in the orientation reversing case the linking number and the Kreck-Stolz invariants change signs. Recall that in this theorem, r (k, l) = σ 2 (k) − σ 2 (l), p 1 (E k,l ) = [2 σ 1 (k) 2 − 6 σ 2 (k)] ∈ Z |r | , and the equality of the linking forms can replaced by the equality of the numbers s(k, l) := σ 3 (k) − σ 3 (l) ∈ Z |r (k,l)| .
Remark 2.4 In [12]
Kreck-Stolz used another invariant s 3 in the homeomorphism classification, and showed that r (k, l), s 2 and s 3 determine the homeomorphism type. Following [15] , the formula for the invariant s 3 for the Eschenburg spaces, assuming that condition (C) holds for the jth column, is easily seen to be:
The difficulty in explicitly calculating the invariants comes from the complicated expressions (2.2) for the Kreck-Stolz invariants of the lens spaces. These expressions are rational since they lie in Q/Z. However, in order to use a computer program to calculate the invariants it is necessary to control the denominators. The bounds on the denominators in the theorem below are similar to those obtained by Zagier in [19] for the higher order Dedekind sum T . However, for the other sums the results we need are not contained in [19] , so we give a proof. 
To begin the proof, note that the last two equalities are clear from grouping terms for k and | p| − k. For the rest of the proof, we can assume that p > 0 after replacing p by − p if necessary. Define
csc(x p j π) The map k → k · p defines a bijection between D d and C p for d = 2 p p . Therefore
In deducing the last line, we set d = 2 p p and use the fact that D 1 is empty.
(3.6)
where d = 2 p p and Tr d : In terms of T, R, S, U the Kreck-Stolz invariants of the lens spaces are given by:
In order to determine the values of these Kreck-Stolz invariants on a computer, we multiply T, R, S, U by 45, find an integer approximation, and use (3.14) .
Examples
Using a program written in Maple and C code we generate the following lists of examples. The program is available at http://www.math.upenn.edu/wziller/research, and can be described briefly as follows. For each given odd order r = |r (k, l)| = |σ 2 (k) − σ 2 (l)| < 50, 000 we produce a list of all positively curved Eschenburg spaces with that given order of the fourth cohomology group. In total, there are 26, 330, 623 positively curved Eschenburg spaces with r < 50, 000. In the next step the program computes the basic polynomial invariants s(k, l) and p 1 (k, l) and produces a list of pairs whose basic invariants coincide. The program also checks condition (C) and finds that it is always satisfied for such pairs. Generating the list and comparing the basic invariants are very time and memory intensive calculations which forced us to write the program in C code. Surprisingly, there are only 437 pairs of spaces whose basic invariants coincide.
For this significantly smaller list of spaces the Kreck-Stolz invariants are computed and compared, which can be done in Maple.
We also indicate the cohomogeneity of the examples in the last column. Here 2+ denotes the cohomogeneity two Eschenburg spaces with k 1 = k 2 , containing the 3-Sasakian spaces, and 2− the case of l 1 = l 2 .
We list the invariant p 1 ∈ Z r as lying in the interval [0, r −1], the (orientation sensitive) invariants s(k, l) ∈ Z r , which describes the linking form, as lying in (− r −1 2 , r −1 2 ] and s 1 , s 2 , s 22 ∈ Q/Z as lying in (− 1 2 , 1 2 ]. The advantage of choosing these intervals is that one sees immediately when the invariants just differ by a sign and hence the corresponding spaces are orientation reversing homeomorphic or diffeomorphic.
We first produce a list of homotopy equivalent positively curved Eschenburg spaces in Table 1 for r ≤ 200. Such examples occur very frequently, e.g. there are 192 such pairs for r < 1,000. See [16] for the first examples of this type in the literature.
In order to find pairs of homeomorphic or diffeomorphic Eschenburg spaces we increased r to 50, 000. There are 69 homeomorphic pairs, the first 5 of which are listed in Table 2 , and only four diffeomorphic pairs, which we list in Table 3 . It is interesting to note that for r = 26, 973 there are two Eschenburg metrics on the same manifold, one cohomogeneity two and the other cohomogeneity four. It follows from [11] that the corresponding Eschenburg metrics cannot be isometric to each other since they have different full isometry group. 
